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For a (2 + 1)-dimensional reformulated SU(2) Yang-Mills theory, we compute the interaction
potential within the framework of the gauge-invariant but path-dependent variables formalism.
This reformulation is due to the presence of a constant gauge field condensate. Our results show
that the interaction energy contains a linear term leading to the confinement of static probe charges.
This result is equivalent to that of the massive Schwinger model.
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I. INTRODUCTION
One of the most important problems facing QCD in the infrared region is the confinement of quarks. One expects
that the gluon field exchanged between a quark and an antiquark gathers up into a string, thus preventing the quarks
from separating to large distances. As is well known, directly observable are only colorless formations of a quark and
antiquark (mesons). There is, of course, no known way to analytically derive confinement from first principles up
to now. Nevertheless some evidence has been obtained at the level of computer simulations based on lattice gauge
theories [1].
In this context, it may be recalled that many authors have linked the confinement phenomena to the instability of
the perturbative QCD vacuum [2, 3], which indicates the existence of condensates of gauge fields. Confinement as a
consequence of the interaction between a constant chromo-magnetic background and the axion field has been recently
discussed in [4].
The need for constant condensates of gauge fields appears already evident in the loop expansion for a (2 + 1)-
dimensional gauge theory [5]. This is because in QCD3, being a superrenormalizable theory, the loop expansion
probes deeper and deepen into the infrared region at every increasing loop order. In particular, in order to cancel
all leading infrared divergences it becomes necessary to introduce constant gauge field potentials (which are not pure
gauge in the non-Abelian theory) into the vacuum. An appropriate gaussian averaging over the field strengths and
directions is required as well (here the gaussian width in the averaging must be taken to zero to achieve cancellation
of infrared divergences) [5].
On the other hand, in Ref. [6] a qualitative analysis of the effect of these constant gauge fields was started and the
arguments presented there indicated that the constant gauge fields induce linear potentials between static charges. In
fact, it was proposed a reformulation of pure SU(2) Yang-Mills theory in terms of new variables suitable for its low
energy content. In terms of these variables the long distance physics is described by an effective action which is U(1)
gauge theory. The idea that confinement is basically an abelian effect can be dated back to [7]. More recently it has
been related to relativistic membrane dynamics in [8], and implemeted through the abelian projection method in [9].
Some peculiar quantum aspects of the effective long range dynamics of QCD, and certain intriguing analogies with the
Schwinger model, has been discussed in [10]. Clearly, in order to put our qualitative analysis into a firmer footing, one
needs an explicit calculation for the interaction energy. In this Letter we address this question and show that SU(2)
Yang-Mills theory can be further mapped into the massive Schwinger model [11, 12]. Our calculation is based on the
gauge-invariant but path-dependent variables formalism [13]. According to this formalism, the interaction potential
between two static charges is obtained once a judicious identification of the physical degrees of freedom is made. It
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2also offers an alternative technique for determining the static potential for a gauge theory. The novel ingredient we
introduce in this letter is the computation of the static potential in the presence of one, or more, compact spacelike
dimension. In this sort of Kaluza-Klein approach the limit of infinite radius of compactification can be performed
provided a self-consistency condition between the ultraviolet cut-off and the amplitude of the constant background
field is satisfied.
II. INTERACTION ENERGY
As already stated, our principal purpose is to calculate explicitly the interaction energy between static pointlike
sources for three-dimensional SU(2) Yang-Mills theory. To this end we will calculate the expectation value of the
energy operator H in the physical state |Φ〉, which we will denote by 〈H〉Φ. However, before going to the derivation
of the interaction energy, we will describe very briefly the new set of variables which map SU(2) Yang-Mills theory
to the Abelian gauge model. We take as starting point the three-dimensional space-time Lagrangian:
L = −1
4
Tr (GµνG
µν) = −1
4
GaµνG
aµν . (1)
Here Aµ (x) = A
a
µ (x) T
a, where T a is a hermitian representation of the semi-simple and compact gauge group; and
Gaµν = ∂µA
a
ν − ∂νAaµ + gǫabcAbµAcν , with ǫabc the structure constants of the SU(2) gauge group.
We should now consider the reformulated version of this theory, which has been developed and analyzed in [6], where
one can find the motivations to consider it and details of the change of variables are given. Applying the change of
variables defined by the fields [6]: W±µ = 1
/√
2
[
A
(1)
µ ±
(
−iA(2)µ
)]
and Aµ ≡ A(3)µ , on (1), one obtains
L = −1
4
FµνF
µν − 1
2
∣∣DµW+ν −DνW−µ ∣∣2 + g2FµνW−ρ SµνρσW−σ − g
2
4
W−ρ S
µνρσW+σ W
−αSµναβW+β , (2)
where Fµν = ∂µAν − ∂νAµ, Dµ = ∂µ− igAµ and Sµνρσ = i (gµρgνσ − gµσgνρ). Next, according to Ref. [6], we restrict
our attention to the ground state given by:
{
A
(1)
µ = C (constant) δ1µ
A
(1)
2 = A
(1,2)
0 = 0
}
⇒ 〈W+µ 〉 = 〈W−µ 〉 = C√2δµ1. (3)
Hence the Lagrangian (1) reduces to:
L = −1
4
FµνF
µν +
1
2
m2AµA
µ −A0J0, (4)
where J0 is the external current, and g2C2 ≡ m2. In this Lagrangian we have considered only sources and gauge field
excitations in the third direction of SU(2) only. This appears to be enough in order to study the basic features of
confinement, as we will show now. Thus the Lagrangian (1) becomes a Maxwell theory supplemented by the Proca
term. Notwithstanding, in order to put our discussion into context it is useful to summarize the relevant aspects of
the canonical quantization of this reformulated theory from the Hamiltonian point of view.
We now proceed to obtain the Hamiltonian. The canonical momenta read Πµ = −F 0µ, which results in the usual
primary constraints Π0 = 0, and Π
i = F i0. Standard techniques for constrained systems then lead to the following
canonical Hamiltonian
HC =
∫
d2x
{
−A0
(
∂iΠ
i +m2 − J0)− 1
2
ΠiΠ
i +
1
4
FijF
ij −m2AiAi
}
. (5)
Requiring the primary constraint to be stationary, we obtain
Γ ≡ ∂iΠi +m2A0 − J0 = 0. (6)
It can be easily checked that both constraints are second class. This result is not surprising, it explicitly reflects the
breaking of the gauge invariance of the theory under consideration. Consequently, special care has to be exercised since
it is the gauge invariance that generally establish unitarity and renormalizability in most quantum field theoretical
models. To convert the second class system into first class we will adopt the procedure described in Refs.[14, 15]. In
3this way the new system still has the basic features of the original one and has reobtained the gauge symmetry. As
stated in Refs. [14–16], we enlarge the original phase space by introducing a canonical pair of fields θ and Πθ. It
follows, therefore, that a new set of first class constraints can be defined in this extended space:
Λ1 ≡ Π0 +m2θ = 0, (7)
and
Λ2 ≡ Γ + Πθ = 0. (8)
It is easy to verify that the new constraints are first class and in this way restore the gauge symmetry of the theory
under consideration. It is to be observed that the θ fields only enlarge the unphysical sector of the total Hilbert space,
not affecting the structure of the physical subspace [14]. Then, the new effective Lagrangian, after integrating out
the θ fields, becomes
Leff = −1
4
Fµν
(
1 +
m2

)
Fµν −A0J0, (9)
one immediately sees that SU(2) Yang-Mills theory has been mapped into a U(1) gauge theory.
Having established the new effective Lagrangian, we can now compute the interaction energy. To this end, we first
consider the Hamiltonian framework of this new effective theory. The canonical momenta read Πµ = −
(
1 + m
2

)
F 0µ.
This yields the usual primary constraint Π0 = 0, and Πi = −
(
1 + m
2

)
F 0i. Therefore the canonical Hamiltonian
takes the form
HC =
∫
d2x
{
−A0
(
∂iΠ
i − J0)− 1
2
Πi
(
1 +
m2

)−1
Πi +
1
4
FijF
ij
}
. (10)
Temporal conservation of the primary constraint Π0 leads to the secondary constraint Γ1 (x) ≡ ∂iΠi − J0 = 0. It is
straightforward to check that there are no further constraints in the theory. The extended Hamiltonian that generates
translations in time then reads H = HC +
∫
dx (c0(x)Π0(x) + c1(x)Γ1(x)), where c0(x) and c1(x) are the Lagrange
multipliers. Moreover, it follows from this Hamiltonian that A˙0 (x) = [A0 (x) , H ] = c0 (x), which is an arbitrary
function. Since Π0 = 0, neither A
0 nor Π0 are of interest in describing the system and may be discarded from the
theory. As a result, the Hamiltonian becomes
H =
∫
d2x
{
−1
2
Πi
(
1 +
m2

)−1
Πi +
1
4
FijF
ij + c′
(
∂iΠ
i − J0)
}
, (11)
where c′ (x) = c1 (x)−A0 (x).
Since there is one first class constraint Γ1(x) (Gauss’ law), we choose one gauge fixing condition that will make the
full set of constraints becomes second class. We choose the gauge fixing condition to correspond to [13, 16]
Γ2 (x) ≡
∫
Cξx
dzνAν (z) ≡
1∫
0
dλxiAi (λx) = 0, (12)
where λ (0 ≤ λ ≤ 1) is the parameter describing the spacelike straight path between the reference points ξk and xk ,
on a fixed time slice. For simplicity we have assumed the reference point ξk = 0. The choice (12) leads to the Poincare´
gauge. With this we obtain the only nontrivial Dirac bracket
{
Ai (x) ,Π
j (y)
}∗
= δji δ
(2) (x− y)− ∂
∂xi
1∫
0
dλxjδ(2) (λx− y) . (13)
We pass now to the calculation of the interaction energy, where a fermion is localized at the origin 0 and an
antifermion at y. As already mentioned, we will calculate the expectation value of the energy operator H in the
physical state |Φ〉, which we will denote by 〈H〉Φ . From our above discussion, we see that 〈H〉Φ reads
〈H〉Φ = 〈Φ|
∫
d2x
(
−1
2
Πi
(
1 +
m2

)−1
Πi +
1
4
FijF
ij
)
|Φ〉 . (14)
4Since the fermions are taken to be infinitely massive (static), this can be further simplified as
〈H〉Φ = 〈Φ|
∫
d2x
(
−1
2
Πi
(
1− m
2
∇2
)−1
Πi
)
|Φ〉 . (15)
Let us also mention here that, as was first established by Dirac [19], the physical states |Φ〉 correspond to the gauge
invariant ones. It is helpful to recall at this stage that in the Abelian case |Φ〉 may be written as [17]
|Φ〉 ≡ ∣∣Ψ(y) Ψ (0)〉 = ψ (y) exp

ig
y∫
0
dziAi (z)

ψ (0) |0〉 , (16)
where |0〉 is the physical vacuum state and the line integral appearing in the above expression is along a spacelike
path starting at 0 and ending at y, on a fixed time slice. It is to be observed that the strings between fermions have
been introduced in order to have a gauge-invariant function |Φ〉. Another way of saying the same thing is that the
fermion fields are now dressed by a cloud of gauge fields.
Returning now to our problem on hand, we compute the expectation value of H (given by the expression (15)) in the
physical state |Φ〉. Taking into account the above Hamiltonian structure, we observe that
Πi (x)
∣∣Ψ(y)Ψ (0)〉 = Ψ(y)Ψ (0)Πi (x) |0〉 − e
∫ y
0
dziδ
(2) (z − x) |Φ〉 . (17)
Inserting this back into (15), we get
〈H〉Φ = 〈H〉0 −
e2
2π
K0(mL), (18)
where 〈H〉0 = 〈0|H |0〉 and with |y| ≡ L. Since the potential is given by the term of the energy which depends on
the separation of the two fermions, from the expression (18) we obtain
V = − e
2
2π
K0(mL). (19)
In this way the static interaction between fermions arises only because of the requirement that the
∣∣ΨΨ〉 states be
gauge invariant. It is interesting to note that this is exactly the result obtained for the Maxwell-Chern-Simons theory
[20, 21].
We are now in position to examine the mapping of the theory (9) into the massive Schwinger model. Let us illustrate
this by making a dimensional compactification (a` la Kaluza-Klein) on Eq.(9). The compactification is needed also in
order to control the infrared behavior of the theory. In such a case, the new theory takes the form:
L(1+1) = −1
4
Fµν
∑
n
(
1 +
g2C2
(1+1) + a2
)
Fµν −A0J0, (20)
where a2 ≡ n2/R2, and R is the compactification radius. We immediately recognize the above to be the massive
Schwinger model with mass m2 ≡ a2. We observe, as an appealing feature of this expression, that for the zero mode
(a = 0) case it gives the massless Schwinger model. It is now once again straightforward to compute the interaction
energy. Taking a contribution of a single mode in Eq.(20), we obtain [12]:
V =
e2
2λ
(
1 +
a2
λ2
)(
1− e−λL)+ e2
2
(
1− g
2C2
λ2
)
L, (21)
where λ2 ≡ g2C2+ a2 and |y| ≡ L. Effectively, therefore, our initial theory (1) is mapped into the massive Schwinger
model, which displays both the screening and the confining part of this interaction. Of course, if we consider the
zero mode case, i. e. , a = 0, the static potential above shows that confinement disappears. When studying this
expression, we will concentrate on the second term of Eq. (21), which represents confinement. We start considering
the subtle points related to the calculation of this confinement term. Although, as we see from Eq. (21), every single
mode contribution shows confinement, one can ask the question of how to handle the sum over all modes in (21). If
we are interested in the interaction potential between two point-like sources in the (2+1)-dimensional case (and later
we will consider also the (3 + 1)-dimensional case) we must sum over all the modes with equal weight, according to
5the representation of the delta function source.
Basically, the expression for the coefficient of the linear potential between two static point sources is:
T =
e2
2
∑
n
n2
/
R2
g2C2 + n
2/
R2
. (22)
In the limit R→∞, the sum can be approximated by an integral. Defining the continuous variable x = n
R
, Eq. (22)
can be rewritten as
T =
e2
2
R
∫ Λ
0
dx
x2
g2C2 + x2
, (23)
where Λ is an ultraviolet cutoff. After some manipulations, we get that T is given by
T =
e2R
2
(
Λ− π
4
gC
)
, (24)
From expression (24), in the limit R→∞, the only way to obtain a finite value for T is to let C →∞ according to
C → 4Λ
πg
+
κ
R
, (25)
where κ is a constant which determines the value of the constant T . In other words, the external background field (3)
has to be selected of the order of the ultraviolet cutoff. This is in complete accordance with the result of [5], where
when considering the cancellation of infrared divergences one has to consider constant external gauge fields of infinite
value as the cutoff is removed.
At this stage, it is interesting to recall the results reported in Refs. [22, 23] for a (2+1)-dimensional SU(N) Yang-Mills
theory
V (L) =
g2CF
2π
log(g2L) +
7
64π
g4CFCAL, (26)
where CF and CA are the Casimir group factor. Hence we see that our phenomenological result (21) agrees qualitatively
with (26) in the limit of large L. Corroborating that the reformulation of SU(2) Yang-Mills theory in terms of the
new set of variables is suitable for its low energy content. In this way the massive Schwinger model simulates the
features of the SU(2) Yang-Mills theory. Notice that in our teatment, as C → ∞ the first term in (21) (even after
summation) does not lead to a non trivial contribution.
III. FINAL REMARKS
In summary, we have considered the confinement versus screening issue for a reformulated three-dimensional Yang-
Mills theory. This reformulation is achieved due to the presence of condensates of gauge fields, which are implemented
by a new set of variables. In terms of these variables the long distance physics is described by an effective action
which is a U(1) gauge theory leading to a linear potential between static charges.
In the (3 + 1)-dimensional case, we can perform the compactification of two spatial dimensions, assigning to them
radii R1 and R2, we obtain for the coefficient of the linear potential the expression
T =
e2
2
∑
n1,n2
(
n2
1
R2
1
+
n2
2
R2
2
)
g2C2 +
n2
1
R2
1
+
n2
2
R2
2
. (27)
Following the same steps of the (2 + 1)-dimensional case, in the limit R1, R2 →∞ we obtain
T = πe2R1R2
∫ Λ
0
dρ
ρ3
C2 + ρ2
, (28)
that is,
T =
πe2
2
R1R2
[
Λ2 − g2C2 ln
(
g2C2 + Λ2
g2C2
)]
, (29)
6again if R1, R2 →∞, we obtain the transcendental equation for Λ
/
g2C2:
Λ2
g2C2
− ln
(
1 +
Λ2
g2C2
)
= 0. (30)
From (29) here we can deduce that as Λ
2
g2C2
∼
√
2piT
e2R1R2
→ 0, which means that the external field C has to grow
stronger than gΛ when Λ→∞, in order to obtain a finite coefficient of the linear potential.
Although this method appears simple and intuitive, it displays the basic features of how a confining potential can
appear even in the (3 + 1)-dimensional gauge theory. Finally, notice that once the space has undergone a com-
pactification, the background field (3) may not be transformed away by a gauge transformation, since such a gauge
transformation in general would violate the periodicity conditions. Another way of understanding the physical reality
of the background (3) is by calculating the gauge invariant Wilson loops of (3) along the compactified dimensions,
which are non vanishing.
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